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Abstract

In this research article, a new type of fractional integral transform namely the N-transform of fractional order is proposed, and derived a number of useful results of a 
more generalized function (Aleph-function) of fractional calculus by making use of the N-transform of fractional order. Further, the relation between it and other fractional 
transforms is given and some special cases have also been discussed.
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Introduction

Our translation of real-world problems to mathematical 
expressions relies on calculus, which in turn relies on the 
differentiation and integration operations of arbitrary order 
with a sort of misnomer fractional calculus which is also 
a natural generalization of calculus and its mathematical 
history is equally long. It plays a signifi cant role in a number 
of fi elds such as physics, rheology, quantitative biology, 
electro-chemistry, scattering theory, diffusion, transport 
theory, probability, elasticity, control theory, engineering 
mathematics, and many others. Fractional calculus like many 
other mathematical disciplines and ideas has its origin in the 
quest of researchers to expand its applications to new fi elds. 
This freedom of order opens new dimensions and many 
problems of applied sciences can be tackled in a more effi cient 
way by means of fractional calculus.

Laplace and Sumudu transformations are closely linked to 
natural transformation. The Natural transform, also known as 
the N-transform, was initially introduced by Khan and Khan 
(2008) [1]; Al-Omari (2013) [2]; Belgacem and Silambarasan [3] 

explored its features (2012b). Maxwell's equations were solved 
using the Natural transform in Belgacem and Silambarasan 
(2011, 2012a) [4]. Belgacem and Silambarasan's (2011, 2012c) 
works on Natural transformation can be found here [5] for 
more information. If we assume that the function is fractional 
derivative and continuous, the Natural transform often works 
with continuous and continuously differentiable functions. The 
Natural transform, like the Laplace and Sumudu transforms, 
does not work since the function is not derivative. In a similar 
vein, we must establish a new term that we will call fractional 
Natural transform [6-8].

The purpose of this research article is to calculate the 
fractional order natural transform of the Aleph function.

Defi nitions and preliminaries used in this paper

Classical Laplace transform: The Laplace transform is 
very useful in analysis and design for systems that are linear 
and time-invariant (LTI). Beginning in about 1910, transform 
techniques were applied to signal processing at Bell Labs for 
signal fi ltering and telephone long-line communication by 
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H. Bode and others. Transform theory subsequently provided 
the backbone of Classical Control Theory as practiced during 
the World Wars and up to about 1960, when State Variable 
techniques began to be used for control design. Pierre Simon 
Laplace was a French mathematician who lived from 1749-1827, 
during the Age of Enlightenment characterized by the French 
Revolution, Rousseau, Voltaire and Napoleon Bonaparte. 

Suppose f(t) is a real-valued function defi ned over the 
interval (0,∞). The Laplace transform of f(t) is defi ned by 

    ( )
0

stL f t e f t d t
    

Or     ( )
0

stf s e f t d t
  

The Laplace transform is said to exist if the above integral 
is convergent for some values of s.

The Inverse Laplace Transform can be described as the 
transformation into a function of time. In the Laplace inverse 
formula, f(s) is the Transform of f(t), while in the Inverse 
Transform f(t) is the Inverse Laplace Transform of f(s). 
Therefore, we can write this Inverse Laplace transform formula 
as follows:

     1
Lim-1f ( )t   L f t

2

iL
ste f s ds

Li iL



 



 
 

Natural transform: In mathematics, the Natural 
transform is an integral transform similar to the Laplace 
transform and Sumudu transform, introduced by Zafar Hayat 
Khan[1] 2008. It converges to both Laplace and Sumudu 
transform just by changing variables. Given the convergence of 
the Laplace and Sumudu transforms, the N-transform inherits 
all the applied aspects of both transforms. Most recently, F. 
B. M. Belgacem [2] has renamed it the natural transform and 
has proposed a detailed theory and applications. The natural 
transform of a function f(t), defi ned for all real numbers t ≥ 0, 
is the function R(u, s), defi ned by:

      , ( ) 0, ( , )1 20
,  stN f t e fR u ut dt Rs e S u  

       
 

                 (1)

Provided the function f (t)  R2 is defi ned in the set 
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t
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Khan [1] showed that the above integral converges to the 
Laplace transform when u = 1 and into Sumudu transform 
for s = 1.

Laplace transform of error function:

21 exp
4 2

L{erf (t)} s serfc
s




         
Where: L{f} denotes the Laplace transform of the function f.

erf denotes the error function.

erfc denotes the complementary error function.

Fractional natural transform of order  :

   ( , ) ( ) ( )
0

,0 1.R N f x E s x f uxu s dx     
        

Or 

 Lim ( ) ( )
0

( , )
M

R u s E s x f ux dx
M

  
 
 


             (2)

Where s, u  C and E(x) is the Mittag–Leffl er function, 

E (z )á !0

nx
nn 


 



Fractional Laplace transform reported in Jumarie (2009a) 
[9]:

From the above defi nition, when u = 1

   (1, ) ,  ( ) ( ) 0 1.
0

L L f x E s x f x dxs      
        

Or 

 (1, ) Lim ( ) ( )
0

M
L E s x f x ds x

M
  

 
  

          (3)

Where s  C and E (x) is the Mittag–Leffl er function, 

E (z )  á !0

nx
nn 


 



Fractional Sumudu transform which is proposed by Gupta, 
Sharma and Kiliçman (2010): 

From the above defi nition, when S = 1

   ( ) ( ) 0 1.
0

( ,1 ) ,S S f x E x f ux du x    
        

Or 

 Lim ( ) ( )
0

( ,1 )
M

S E x f ux dxu
M

 
 
  


                (4)

Where u  C and E (x) is the Mittag–Leffl er function, 

E (z)á !0

nx
nn 


 



Aleph-function: 

The Aleph function is defi ned in terms of the Mellin-Barnes 
type integral in the following manner [10]: 

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iZp qi i r b B b Bi j j i j jim m qi
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   11 11
2 (1 ) [ ]1 1 1

m nb B s a A sj jj j j j szq pr i ii b B s a A sL i i ji ji ji jij m j n
ds

 

    
 

        

┌ ┌

┌ ┌
  

                    (5)

Lemma-I: For instance the fractional natural transform of 

the   ,   nf x x Nn   then

( )( ) ( )
0

( )( ) ( )
0

n nN x E s x ux dx

n nu E s x x dx

    
 

    


      




We put  t = xs we get 

( )( ) ( )( 1) 0

nun nN x E t t dtns

   
 

      

Or 

 ( !) n 1á( 1)
nunN x ns


 
       

Note:   1 ( 1)n  ( )( ) ( )á ( !) 0
nE x x dx 



   

Lemma-II: For instance the fractional Laplace transform of 

the   ,   nf x x Nn   then

( )( ) ( ) ( )( ) ( )
0 0

n n nL x E s x x dx E s x x dx        
  

         

We put t = xs. we get 

1 ( )( ) ( )( 1) 0
n nL x E t t dtns
   

 
      

Or 

 ( !) n 1á( 1)
nL x ns


 
       

Note:   1 ( 1)n  ( )( ) ( )á ( !) 0
nE x x dx 



   

Lemma-III: For instance the fractional Sumudu transform 

of the   ,   nf x x Nn  then

( )( ) ( )
0

( )( ) ( )
0

n nS x E x ux dx

n nu E x x dx

   
 

   


      




We put t = x, we get 

( )( ) ( )
0

n n nS x u E t t dt    
 

     

Or 

 ( !) n 1á
n nS x u 

      

Note:   1 ( 1)n  ( )( ) ( )á ( !) 0
nE x x dx 



   

Main results

Fractional natural transform of order α

In this section, we derived the fractional natural transform 
of order  in relationship with the known generalized function 
of fractional calculus known as the Aleph function.

Theorem (1): Let   ,0 1N f x 
      , be the fractional 

natural transform of order  associated with Aleph-function. 
Then there holds the following relationship

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iN zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

   
        

  
     

(0,1)  ,  ,1, 1,1 , 1
, ; ;

 ,  ,1, 1,

a A a Aj j i ji jin n pum n ip qi i rs s b B b Bi j j i j jim m qi



 

    
    

        

    
    

        

 
   
 
  

Provided the function f (t)  R2

Proof: By using the defi nition of the generalized function 
of fractional Aleph -function and fractional natural transform 
of order  we get

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iN Zp qi i r b B b Bi j j i j jim m qi
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j
k

n
  

    
 
         


┌ ┌
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 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iN Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
      =

   
  

11 11 kdk z
2 (1 ) [ ]1 1 1

m nb B k a A kj jj j j j Nq pr i ii b B k a A kL i i ji ji ji jij m j n
 

     
 
         

┌ ┌

┌ ┌

 ,  ,1, 1,,
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a A a Aj j i ji jin n pm n iN Zp qi i r b B b Bi j j i j jim m qi
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By making use of lemma –I in above equation, we get

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iN Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

   
 

11 11 dk k 1( 1)2 (1 ) [ ]1 1 1

m nb B k a A k kj jj j j j u
q pr ki ii b B k a A k sL i i ji ji ji jij m j n

 

    
          

┌ ┌

┌ ┌

Or 

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iN Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
      =

     1 1 0 k1 11 1 dk
2 (1 ) [ ]1 1 1

m nb B k a A k kj jj j j j u
q pr ki is i sb B k a A kL i i ji ji ji jij m j n

 

       


        

┌ ┌

┌ ┌

Or 

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iN zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

(0,1)  ,  ,1, 1,1 , 1
, ; ;

 ,  ,1, 1,

a A a Aj j i ji jin n pum n ip qi i rs s b B b Bi j j i j jim m qi



 

    
    

        

    
    

        

 
    
 
  

This completes the proof of the theorem. 

Fractional laplace transform of order α

In this section, we derived the fractional Laplace transform 
of order  in relationship with the known function of fractional 
calculus known as the Aleph function.

Theorem (2): Let   ,0 1L f x 
      , be the fractional 

Laplace transform of order  associated with Aleph-function. 
Then there holds the following relationship

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
      =

(1,0)  ,  ,1, 1,1 , 1 1
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n isp qi i rs b B b Bi j j i j jim m qi



 

    
    

        

    
    

        

 
    
 

  

Provided the function f (t)  R2

Proof: By using the defi nition of the generalized function 

of fractional ML-function and fractional Laplace transform of 
order   we get

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

 =

   
 { dk

11 11
2 (1 )

};  Re  
[ ]1 1 1

 0

m nb B k a A kj jj j j j kL zq pr i ii b B k a A kL i i ji ji ji jij m j n
 




    


        


┌ ┌

┌ ┌

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

   11 11  
2 (1 ) [ ]1

{ }
1 1

m nb B k a A kj jj j j j kdk L zq pr i ii b B k a A kL i i ji ji ji jij m j n
 

     


        

┌ ┌

┌ ┌

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

 =

   11 11  
2 (1 ) [ ]1

{ }
1 1

m nb B k a A kj jj j j j kdk L zq pr i ii b B k a A kL i i ji ji ji jij m j n
 

     


        

┌ ┌

┌ ┌

By making use of lemma –II in the above equation, we get

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

=

   
 

11 11 1dk k 1( 1)2 (1 ) [ ]1 1 1

m nb B k a A kj jj j j j
q pr ki ii b B k a A k sL i i ji ji ji jij m j n

 

    
          

┌ ┌

┌ ┌

Or 

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

 =

       1 k 1 1 0 k1 11 1 dk( 1)2 (1 ) [ ]1 1 1

m nb B k a A kj jj j j j
q pr ki ii b B k a A k sL i i ji ji ji jij m j n

 

         
         

┌ ┌

┌ ┌

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iL Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

 =
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(1,0)  ,  ,1, 1,1 , 1 1
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n isp qi i rs b B b Bi j j i j jim m qi



 

    
    

        

    
    

        

 
    
 

  

This completes the proof of the theorem.

Fractional Sumudu transform of order α

In this section, we derived the fractional Sumudu transform 
of order  in relationship with the known function of fractional 
calculus known as ML-function.

Theorem (3): Let   ,0 1S f x 
      , be the fractional 

Sumudu transform of order  associated with Aleph-function. 
Then there holds the following relationship

 ,  ,1, 1, 1 u, 1E ( ) , á; ; s ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r sb B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

Provided the function f (t)  R2

Proof: By using the defi nition of the generalized function 
of fractional Aleph -function and fractional Sumudu transform 
of order  we get

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
      = 

   
 

11 11
2 (1

dk; Re   0
) [1

 
]1 1

m nb B k a A kj jj j j j kS zq pr i ii b B k a A kL i i ji ji ji jij m j n
  

    


    


   

┌ ┌

┌ ┌
 

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

   11 11 dk { }
2 (1 ) [ ]1 1 1

m nb B k a A kj jj j j j kS zq pr i ii b B k a A kL i i ji ji ji jij m j n
 

     


        

┌ ┌

┌ ┌

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

   
d

11 11 kz
2 (1 ) [ ]1 1 1

k { }

m nb B k a A kj jj j j j Sq pr i ii b B k a A kL i i ji ji ji jij m j n
 

     


        

┌ ┌

┌ ┌

By making use of lemma –III in the above equation, we get

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    



   
 

11 11 k 1
2 (1 ) [ ]1 1

dk
1

m nb B k a A kj jj j j j kuq pr i ii b B k a A kL i i ji ji ji jij m j n
 

    
 

        

┌ ┌

┌ ┌

Or 

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

     1 1 0 k1 11
2 (1 ) [ ]1 1 1

dk

m nb B k a A kj jj j j j kuq pr i ii b B k a A kL i i ji ji ji jij m j n
 

       


        

┌ ┌

┌ ┌

 ,  ,1, 1,,
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iS Zp qi i r b B b Bi j j i j jim m qi



  

    
    

        

    
    

        

  
       

  
    

(0,1)  ,  ,1, 1,, 1
, ; ;  ,  ,1, 1,

a A a Aj j i ji jin n pm n iup qi i r b B b Bi j j i j jim m qi



 

    
    

        

    
    

        

 
   
 

  

This completes the proof of the theorem. 

Special cases

In this section, we discuss some of the important special 
cases of the main results established discussed above, If we 
take ∞ = i =1 in the theorems (1), (2), and (3), we get well-
known results of ordinary calculus like the Natural transform of 
Saxena’s I-function, Laplace transform of Saxena’s I-function, 
and fi nally ordinary Sumudu transform of Saxena’s I-function 
as reported in [11].

Conclusion 

We are trying for more specifi ed and detailed results of this 
transformation. The results proved in this paper give some 
contributions to the theory of the fractional order transform, 
believed to be new and are likely to fi nd certain applications to 
the solution of the fractional differential and integral equations 
order equations. The importance of this work is to fi nd the half 
derivative, fractional order Laplace Natural transforms, etc. 
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